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CONVEXITY OF THE IDEAL BOUNDARY
FOR COMPLETE OPEN SURFACES

JIN-WHAN YIM

Abstract. For complete open surfaces admitting total curvature, we define

several kinds of convexity for the ideal boundary, and provide examples of

each of them. We also prove that a surface with most strongly convex ideal

boundary is in fact a generalization of a Hadamard manifold in the sense that

the ideal boundary consists entirely of Busemann functions.

1. INTRODUCTION

Let M be a complete, noncompact, connected, and oriented Riemannian

manifold of dimension 2. The total curvature of M is defined by the improper

integral JM Km of the Gaussian curvature Km over M. A well-known result

of Cohn-Vossen [3] states that if the total curvature exists, then

/ KM<2nX(M),
Jm

where x(M) is the Euler characteristic of M.
Since the total curvature of noncompact M is not a topological invariant

but depends on Riemannian metric, it should describe certain properties of the
geometric structure of M. This idea motivated many works. Especially, the
difference, 2n%(M) - JM KM, has been studied in connection with the asymp-
totic behavior of the rays (see [8], [10]).

On the other hand, if M is a compact oriented surface with boundary, then
by the Gauss-Bonnet theorem the value 2nx(M) — JM Km can be interpreted as

the convexity of the boundary. Therefore, together with Cohn-Vossen's result,

this suggests that an open surface has in a sense convex boundary at infinity when

it is suitably defined. This boundary at infinity is called "the ideal boundary"

of M. In this paper, we will study the notion of ideal boundary, and introduce

the concept of convexity at infinity of a complete open surface admitting total
curvature.

The ideal boundary of an open manifold can be defined in several ways. We

will follow the lead of [1], [6]. Let M be a noncompact complete Riemannian

manifold with distance function d( , ). For each x G M let dx be the continu-

ous function y —► d(x, y). The map x —► dx defines an embedding of M into
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C(M), the set of continuous functions on M with the topology of uniform con-
def

vergence on compact sets. We consider Ct(M) = C(M) (constant functions)

with the induced topology and the induced embedding i: M —► C*(M) defined
by i(x) = dx, the equivalence class of dx . The boundary dM is defined as

Cl(M) - i(M), where Cl(M) is the closure of i(M) in C,(M). A point in

dM is an equivalence class of functions called horofunctions, which are well
defined up to a constant.

There are other ways to define a space at infinity. A unit speed geodesic

y : [0, oo) —> M is called a ray if d(y(s), y(t)) = \s - t\ for any s, t G [0, co).

For any p G M let {#,} be a divergent sequence of points in M, and for

each i let y, be a unit speed minimal geodesic from p to #,. Then the

sequence {y,} has a convergent subsequence and the limit is a ray emanating

from p. Therefore an open manifold has rays emanating from every point,

and the boundary dM can be defined as equivalence classes of these rays. For

Hadamard manifolds, an asymptotic relation of rays is known to define the ideal

boundary equivalent to the first one we described. In this case, two rays yx and

y2 are called asymptotic if there is a constant a such that d(yx(t), y2(t)) < a

for every t > 0. In fact two asymptotic rays define the same horofunction

called the Busemann-function up to a constant. For a ray y : [0, co) —► M the

Busemann-function by of y is defined by

by(x) = lim(d(x, y(t)) - t).
t—fOO

For a Hadamard manifold, it is known that all horofunctions are Busemann-

functions, and therefore the ideal boundary can be defined by the set of

Busemann-functions or the equivalence classes of rays representing the same

Busemann-functions up to constants.
These beautiful properties of Hadamard manifolds however fall apart in the

general case. Even for a surface, if it is not a Hadamard manifold, a ho-

rofunction may not be a Busemann-function. We will give an example of a

non-Busemann horofunction, and will state a sufficient condition when all ho-

rofuctions are Busemann-functions, which is a generalization of the Hadamard

manifold case in dimension 2.
A ray a : [0, oo) —► M is said to be asymptotic to a ray y : [0, oo) —> M if

there exist a monotone sequence {t„} of positive numbers such that /„ —> oo

as n -> oo and a sequence {an : [0, £„] -* M} of minimal geodesies such

that a„(£„) = y(t„) for each n and o„ -» o as n -> oo. An asymptotic

ray emanating from a fixed point is not unique in general, and the asymptotic

relation is not symmetric, which means y may not be asymptotic to a .

In a Hadamard manifold, this notion of asymptotic coincides with the old

one, and in particular it is an equivalence relation and makes it possible to

define the ideal boundary. If one wants to define the ideal boundary by an

equivalence relation of rays, the asymptotic relation would be the first candidate.
However, our asymptotic relation is not symmetric, and therefore other relations

have been used (e.g., [7], [11]). For a manifold without conjugate points, this

problem has been studied for instance in [5]. We will show that for a surface

admitting total curvature the symmetry of the asymptotic relation has a rather

strong implication (see [Lemma 2.6]), and give an explicit example of a surface

where the relation is not symmetric.
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Even though our discussion in the next section can be applied to any open

surface admitting total curvature, a special case of interest is a surface with non-

negative curvature. In fact, all the examples in the last section have nonnegative

curvature. Every open surface with nonnegative curvature admits total curva-

ture, and by Cohn-Vossen's result it is either simply connected or flat. Hence if

M is not contactible, then it is either a flat cylinder or a Mobius strip. From
now on, we will assume that our surface M is diffeomorphic to R2. In the case

of nonnegative curvature we do not miss many, and in general this will make

our arguments simple.

2. Convexity of the ideal boundary

Let M be a simply connected complete open surface admitting total cur-

vature. In this section we will introduce the notion of convexity of the ideal

boundary. Strictly convex, convex, and weakly convex ideal boundary will be

defined, and in the next section we will give examples separating these defini-

tions. A Hadamard manifold will clearly satisfy all the necessary conditions for

the convexity we will define, and hence we may say our notion of convexity in

fact describes how much an open surface fails to be a Hadamard manifold.

Let D c M be a simply connected domain with piecewise smooth boundary

dD, oriented relatively to D; and denote by k(8D) the sum of the geodesic
curvature integral of dD and of the exterior angles where dD is not smooth.

If D is bounded, then by the Gauss-Bonnet theorem we have

K(dD) = 2n - I KM.
Jd

For this reason, we interpret the number in the right-hand side as the total

convexity of the boundary dD. If D is not bounded and dD consists of a

curve c : (-00, 00) —> M such that c((-oo, a]) and c([/?, +00)) are rays for

some a < p, then by Cohn-Vossen [4] we have

K(dD) <n- I KM-
Jd

For a point p e M let o, y : [0, 00) —> M be two rays such that c(0) =
y(0) = p. Unless a = y, the union of these two rays separates M into two

connected domains, which we will call ideal triangles since each of them looks

like an infinitely large triangle with one edge contained in the ideal boundary.

If A is such an ideal triangle with an interior angle 8 = <(o'(0), y'(0)), then

we have

71-d = k(8A) <n- f KM,
Va

and hence 6 - JA Km > 0. If the inequality is strict, we call the positive number,

0 - JA KM, the shortage of total curvature, and interpret it as the total convexity

of the edge contained in the ideal boundary. This observation leads us to the
following definition.

Definition 2.1. A surface M is said to have strictly convex boundary at infinity

if for any ideal triangle A the equality /A KM = Q implies that the Busemann-
functions ba and by are the same.

For any p e M and a pair of rays emanating from p, we have two ideal

triangles. If dM is strictly convex and either one of these two ideal triangles has
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no shortage of total curvature, then these two rays define the same Busemann-

function. If we assume that a ray intersects the ideal boundary perpendicularly

(if anyone wants to consider such an angle), our definition of strictly convex

boundary is a direct generalization of a compact domain with strictly convex
boundary. In fact, what we are trying to do with the ideal boundary is an
imitation of the convexity of a compact domain.

Let M be an open manifold and Cl(M) c C,(M) be the compactification

of M by horofunctions. Maybe the most significant difference between Cl(M)

and a compact domain with boundary is the following. Every boundary point of

a compact domain can be connected to an interior point by a minimal geodesic.
Suppose a horofunction h G dM is connected to an interior point p G M
by a ray y : [0, oo) —► M. Then h is the limit of the equivalence class dy^ .

Therefore, in fact, we are looking for a ray defining a Busemann-function which

agrees with h up to a constant. It is not always possible to find such a ray in

general, and we need the following notion of convexity.

Definition 2.2. A surface M is said to have convex boundary at infinity if for

any p G M and any horofunction h e dM there is a ray y : [0, oo) —> M such

that y(0) = p and the Busemann-function by agrees with h up to a constant.

In a sense, we may say this definition is a generalization of a bounded convex

domain. Since M is complete, any two interior points can be connected by

a minimal geodesic by the Hopf-Rinow theorem. A ray plays the role of a

minimal connection between an interior point and a boundary point at infinity.

A minimal connection between two boundary points can be obtained as a limit

of minimal geodesies as their end points diverge to infinity. If this sequence

of geodesies converges to a geodesic in M, then the limit is called a line. If a

surface M diffeomorphic to M2 admits total curvature and there exists a line
on M, then we have [4]

/ KM < 0.
Jm

For instance, if we assume that the curvature is nonnegative, then M must be

flat. We can obtain the same conclusion from the Toponogov splitting theorem
as well. If M is a visibility manifold, then by definition every boundary points

are connected by lines in M. In general, however, a sequence of geodesies will

diverge to infinity as their end points do.

In [1], it was shown that for a Hadamard manifold every horofunction is

the Busemann-function, and hence the ideal boundary can be defined by the
equivalence classes of rays emanating from any fixed point of M. The following

theorem is a generalization of this fact for surfaces admitting total curvature.

One of our main objects is to prove this theorem, which will be stated again

later.

Theorem. A surface M with strictly convex boundary has convex boundary at

infinity.

The definition of strictly convex boundary does not involve the notion of ho-

rofunctions, and it turns out they are not very easy to deal with. For this reason,

we will first prove a weaker statement with the following weaker convexity.
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Definition 2.3. A surface M is said to have weakly convex boundary if for
any p e M and any Busemann-function by defined by a ray y there is a ray

a : [0, oo) -+ M such that er(0) = p and ba agrees with by up to a constant.

Since every Busemann-function is a horofunction, it is clear that convex
boundary implies weakly convex boundary. The converse is not true, and we

will have an example. If every horofunction is a Busemann-function for some

ray, then the convexity and the weak convexity are obviously equivalent. Hence
we may say that this is actually the difference between a compact domain and

a compactified open manifold.
For any ray y the Busemann-function by : M -> R is not differentiable in

general, and the nondifferentiability can be studied by the asymptotic relation
of rays. Denote by \7by the closure in the tangent bundle TM of the set of
gradient vectors of by at all points of differentiability.  At each p G M the

set Vby(p) = Vby n TPM coincides with the set of unit vectors at p tangent
to rays asymptotic to y (see [9, Theorem 1.1]). A point p e M is called a

regular point if by is differentiable there, and hence Vby(p) is a single vector.

Since a Busemann-function is a Lipschitz continuous function with the Lipschitz

constant one, it is differentiable almost everywhere.

If a ray a : [0, oo) —> M is asymptotic to a ray y, then by is differentiable

at a(t) for each t > 0 and the tangent vector o'(t) is the gradient vector of
by. Hence by -ba is a constant along the ray a . The converse is also clearly

true. We further have the following simple lemma for later use.

Lemma 2.4 (compare [9, Lemma 1.2]). If a : [0, oo) —► M is a ray asymptotic

to a ray y, then for each x G M

by(x)<by(a(0)) + ba(x).

Proof. For any x e M and any e > 0, there exists a number t > 0 such that

ba(x) > d(x, a(t)) - t - s since ba(x) = lim d(x, a(t)) - t. By the triangle
t—»oo

inequality,

by(x) <by(o(t)) + d(x, a(t)).
Since by — ba is a constant along a , we have by(a(t)) = by(o(0)) — t, and hence

by(x) < by(o(0)) + ba(x) + e.   D

If a and y are two rays asymptotic to each other, then by - b„ is constant
along a and y. In general, however, the constant along a may not be the
same as the constant along y. We will give an example.

There is another small fact we must consider when we deal with the asymp-

totic relation of rays. Suppose a : [0, oo) —► M is a ray and there is a number

t > 0 such that the restriction <7|[,>oo) of a on the interval [t, oo) is asymp-

totic to a ray y . Unfortunately this does not imply that a is asymptotic to y
in general.

These problems may be related and deserve more study. But for the moment
we only need the following corollary, which can be proved by the same argument
as the lemma and we shall omit the proof.

Corollary 2.5. If a, y : [0, oo) -> M are two rays and there are constants T > 0
and a such that

ba(o(t)) - by(a(t)) = ba(y(t)) - by(y(t)) = a

for all t >T, then ba - by = a.
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When two rays are asymptotic to each other and the Busemann-functions

agree along the rays, the corollary implies that they are in fact identical. This

fact is used in the following lemma.

Lemma 2.6. If the asymptotic relation is symmetric, then for any ray o asymp-

totic to a ray y the Busemann-functions by and ba agree up to a constant.

Proof. Let ct be a ray asymptotic to a ray y . Then of course y is also asymp-

totic to a by the assumption. Since M is simply connected, there exists a
compact set C c M such that M - (C U a U y) has two connected compo-

nents, each of which is homeomorphic to a strip with one open end. Since

a is asymptotic to y, one of these two domains contains a sequence {an} of

minimal geodesies such that on —> a as n —> oo . We denote this domain by X

and find a number to such that by(p) > -to for each p G C.
For any interior point xel with by(x) < -to, let yx be a ray asymptotic

to y and emanating from x. We first claim that yx is contained in X. If

yx intersects either ct or y, the intersection point cannot be a regular point

of by because Vby is not a single vector there. Since every interior point of

a ray is a regular point, the intersection point, if any, is not an interior point
of y or ct . Moreover, yx cannot intersect C because by oyx is a decreasing

function. Therefore yx does not intersect the boundary of Z, and hence it

must be contained in X.
We next claim that there is a subsequence {o^} of {a„} such that ok inter-

sect yx at yx(tk) and ^ —► oo as k —> oo . Then it follows that ct is aymptotic

to yx . If our claim is not true, then there is a number T > 0 such that yx(T)

is not contained in the triangle determined by y, o„ , and the boundary of C
for each n . Then after taking the limit of ct„ we see that for t > T yx(t) is

not contained in I, which is a contradiction.

By assumption, we know yx is asymptotic to both ct and y, and the
Busemann-functions ba and by agree up to a constant along yx . Therefore,

ba and by have the same gradient vector whenever they are both differentiable,

and hence Vba = Vby. Then it is easy to see that ba - by is a constant on X

except some compact set and by Corollary 2.5, ba and by agree on M up to

a constant.   □

Corollary 2.7. A surface M has weakly convex boundary if and only if the asymp-

totic relation is symmetric.

Proof. Suppose the asymptotic relation is symmetric. For any Busemann-

function by defined by a ray y, we obtain a ray ct emanating from p and

asymptotic to y for each p G M. By the lemma, the Busemann-functions by

and ba agree up to a constant, and therefore M has weakly convex boundary.

We now assume that dM is weakly convex. Let a : [0, oo) —► M be a ray

asymptotic to a ray y . For any e > 0 there must be a ray emanating from a(e)

and defining the same Busemann-function as by up to a constant. But a(e) is

a regular point of by, and hence ct|[£ j0o) is the only candidate. Therefore by

and ba agree up to a constant, and y is asymptotic to ct .   □

In the definition of strictly convex ideal boundary, we only considered two

rays emanating from the same point. But for convex or weakly convex boundary

we have to compare rays with different origins. Let y : [0, oo) —» M be a ray
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and p G M a point away from y[0, oo). For a monotone divergent sequence

{tn} and minimal geodesies {on} from p to y(t„) we consider the geodesic

triangles determined by on , y[0, t„], and the minimal geodesic c from y(0) to
p . Denote this triangle by Tn for each n . It is clear that for some subsequence

{ok} of {ct„} the sequence {Tk} is monotone increasing, and X = Ultli Tk is
a domain homeomorphic to a strip with one open end and <9X consists of c,
y, and a ray ct asymptotic to y . Then by Cohn-Vossen we have

(n - 6) + (n - <p) = K(dl) <n- J KM,

where 8 and tp axe two interior angles of X. On the other hand, for each Tk ,

we have K(dTk) = 2n - fT Km by the Gauss-Bonnet formula. After taking

k —> oo, we easily see that

/ KM = 8 + <p -n.

With the help of this result, we can now compare two rays with different origins

in a surface with strictly convex boundary.

Lemma 2.8. Let M be a surface with strictly convex ideal boundary. For any X

determined by two rays and a minimal geodesic with the interior angles 8 and

tp, the equality /s KM = 8 + <p -n implies that the rays are asymptotic to each

other.

Proof. Let ct , y : [0, oo) —* M be two rays, and let c[0,1] —> M be a minimal

geodesic from y(0) to ct(0) . Let X be the strip enclosed by ct , y, and c with
the interior angles tp at y(0) = c(0) and 8 at ct(0) = c(£). If {t„} and {ct„}

are as usual, a limit a of {on} is a ray emanating from ct(0) and asymptotic

to y. Assume that ct is different from ct . Then either a subsequence of {ct„}

is contained in X and hence ct is contained in I or a subsequence of {ct„} is

contained in the closure of M-X and hence CT does not intersect X except at
0(0) = CT(O) .

In either case, we obtain a strip X' enclosed by y, ct , and c with the interior
angles tp' at y(0) and 8' at ct(0) . Then clearly

/ KM = 9' + y>' -ti.
Jv

In the first case, X' is contained in X and tp' = tp , 6' < 8 . Then for the ideal

triangle A determined by the difference of X and X', we have

J Km — / Km - /  Km = 6 - 6',
A Jl Jl.1

where 6-6' is the interior angle of A. Therefore, by the assumption, a and
ct define the same Busemann-function. In the second case, X and X' intersect
only along the boundary and <p + tp' = 2n. Then for the ideal triangle A
determined by the union of X and X', we have

/ Km = / Km + /  Km — 6 + 6',
A Jx Jv
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where 8 + 8' is the interior angle of A, and we obtain the same conclusion.
Since ct is asymptotic to y, by Lemma 2.4 for each t > 0 we have

by(a(t))<by(S(0)) + bs(o(t)).

However, ct(0) = ct(0) and bs(o(t)) = ba(o(t)) = -/, and hence by(o(t)) <

by(a(0)) -1 for each t > 0. On the other hand, by is a Lipschitz function, and

by(o(0)) - by(o(t)) < t. Therefore b„ -by is a constant along a , and hence a
is asymptotic to y. Similarly, y is asymptotic to ct .   □

Theorem 2.9. A surface with strictly convex boundary has weakly convex bound-

ary at infinity.

Proof. For any ray y and a point p G M let ct be a ray emanating from p

and asymptotic to y. We will show that y is also asymptotic to ct . Then the

theorem follows by Corollary 2.7.
If p is an interior point of y , then clearly ct is contained in y[0, oo). And

if p = y(0), we may consider ct|[£00) for some e > 0. Hence, without loss
of generality, we assume p is a point away from y. Then there is a strip X

enclosed by ct , y, and a minimal geodesic from y(0) to ct(0) so that there is

no shortage of the total curvature for X. By Lemma 2.8, y is asymptotic to

CT.     □

We now consider Cl(M), the closure of M in Ct(M). A point x G M

is identified with the equivalence class dx of the distance function dx , and a

point in dM is the equivalence class of horofunctions. For any h G dM, there

is a horofunction h e C(M) such that h(p) = 0 for a fixed point p G M.
Then h is a Lipschitz function with the Lipschitz constant one, and there is a

divergent sequence {x„} such that the equivalence class dXn can be represented
by /„ G C(M) with fn(p) = 0 for each n and the sequence {/„} uniformly

converges to h on compact sets.
We call a ray ct asymptotic to h if there exists a sequence {xk} and a

sequence {ok : [0,4] -* M) of minimal geodesies such that ok(£k) = xk for

each k , and as k -» oo  o\ —> ct and ^ -» A in C, (M).
For any interval [0, x] we can choose k sufficiently large so that the distance

function dXk is arbitrarily close to h + a on ct[0, t] for a constant a and
crfc[0, t] is arbitrarily close to ct[0, t] . Therefore, h - ba is a constant along

a, and hence the velocity vector of a is the gradient vector of h with the
opposite direction. By the same argument as the Busemann-function, we see
that Vh(p) is the set of unit vectors at p tangent to rays asymptotic to h , and

ct is asymptotic to h if and only if h-ba is a constant along a . Regular points
of h are defined in the same fashion, and any interior point of an asymptotic

ray is a regular point of h .
We are now ready to prove

Theorem 2.10. A surface M with strictly convex boundary has convex boundary.

Proof. By Theorem 2.9 it suffices to show that every horofunction is a

Busemann-function defined by some ray.
Let h be a horofunction and p G M a regular point of h. Assume that

h(p) = 0 and y is a ray asymptotic to h and emanating from p. We claim

that the Busemann-function by is the same as h .
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For any q G M, which is a regular point of h, let ct be a ray asymptotic

to h and emanating from q. If h is defined by a divergent sequence {xn},

then the sequence of minimal connections between p and x„ has a convergent
subsequence and the limit must coincide with y since p is a regular point
of h. After taking a subsequence of this subsequence if necessary, we may
assume that y and ct are limits of minimal geodesies {yk : [0, £k] —».M} and

(CT*: :[0, mt]^M} such that yfc(0) =p, o*(0) = q,anc\ yk(£k) = ok(mk) = xk
for each k.

Let c:[0,^]-tM bea minimal geodesic such that c(0) = p, c(£) = q.

Then y U ct U c divides M into two connected domains, each of which is
diffeomorphic to a strip with one open end. Since the minimal geodesies {yk} ,

{ok} do not intersect c, we have two possibilities. The first is that there is

a subsequence {y,} (or {ct,-} ) of {yk} (resp., {ok}) such that y, (resp., ct, )

intersects a (resp., y)at o(t() (resp., y (tj)) for each i. Then the sequence {?,-}
has no accumulation point because it would force the two rays to intersect. Since

we already know that the asymptotic relation is symmetric, we can conclude in
this case that y and a are asymptotic to each other, and hence define the same
Busemann-function up to a constant.

The second case is when there is a subsequence {jc,} of {xk} such that
ct (and y,-) does not intersect y (resp., ct, ) for each i. In this case, after
taking a subsequence if necessary, we may assume that the geodesic triangles

determined by ct, , y,, and c are all contained in one of two strips, which we

denote by X. Denote by 7} the triangle for each /'. After taking a subsequence
once more if necessary, we assume {Tf} is monotone increasing sequence such

that X = U°![ Tt. Then by the Gauss-Bonnet formula for each T, and Cohn-
Vossen's result for X, we see that there cannot be any shortage of the total
curvature for X, and hence ct and y define the same Busemann-function up
to a constant by Lemma 2.8.

Now together with the fact that h -ba is a constant along ct , we conclude

that h and by have the same gradient vector whenever h is differentiable.

Therefore V/z = Vb7, and hence h - by is a constant, which is a zero since
h(p) = by(p) = 0.   D

3. Examples

In the previous section, we defined three kinds of convexity for the ideal

boundary. In this section we will produce examples separating them. All the

examples we will present in this section have nonnegative curvature, and hence
they all admit nonnegative total curvature bounded by 2tt .

Before we produce more complicated examples, we can easily see there is a
trivial example of a surface with strictly convex boundary which is not

Hadamard. Consider the paraboloid z = x2+y2 in R3. It is easy to check that
the rays are all asymptotic to each other and they define the same Busemann-
function. Therefore there is only one point at infinity, and hence the paraboloid
has strictly convex boundary at infinity.

The first kind of nontrivial examples we will consider are surfaces of revolu-

tion in R3. Let M be a surface of revolution with the parametrization

x = f(u)cosv ,    y = f(u)sinv ,    z = u,
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where / is defined for u > 0 and /(0) = 0. Then M is a surface in the upper

half space, and the origin is the vertex which, we always assume, has a smooth

neighborhood. We further assume /' is a nonnegative nonincreasing function

of u for M to be an open nonnegatively curved manifold. Then by looking at

the Gauss map,

/ Km = 271(1--^^),
Jm VI + a2

where a = lim /'(«).
u—»oo

Let y :[to, oo) -> M be a geodesic with the parametrization

u = t,    v = g(t).

Of course, y does not have constant speed (hence strictly speaking is not a

geodesic), but we are only interested in its image in M. Let 8(t) denote

the angle between the tangent vector of y and the parallel z = t for each

t G [to, oo). Then by Clairaut's relation we have

f(t)cosd(t) = const = \c\,

and

8'{t) = 7 {j2^2)    '

where the sign of c is determined by the direction of y winding around M.

Suppose y : [to, oo) —> M is a geodesic with c > 0 and

rg'(t)dt={Ag<7c.
J to

Then any other geodesic with \Ag\ < n emanating from y(/0) does not inter-
sect y, and hence y is a ray. Furthermore, it is easy to see that Ag is an

increasing function of c > 0 for geodesies emanating from y(to), and y is a

ray asymptotic to the meridian v = lim g(t) = g(to) + Ag. In fact, any two
t—*oo

rays yx, y2 determined by gx(t), g2(t) respectively with different origins are
asymptotic to each other if and only if

lim gx(t)= lim g2(t).
t—*oo t—*oo

In particular, the asymptotic relation is symmetric on a surface of revolution.

With this observation, we can prove

Proposition 3.1. A surface of revolution has convex boundary at infinity.

Proof. Let h be a horofunction defined by a sequence {xn} such that h(qo) = 0

for a fixed point qo £ M other than the vertex, and let c : [0, £] —> M be the

parallel containing qo. Then the compact domain bounded by c is convex, and

we can find a sequence {p„} of points on c[0, £] such that for each n

d(xn , pn) = inf{d(xn ,q)\q£c[0, £]}.

Since c[0, £] is compact, we have an accumulation point p G c[0, £] of {pn} .
Then, by reducing to a subsequence, the meridian y through p is the limit of

minimal geodesies connecting pn and x„ . Therefore y is a ray asymptotic h ,

and we claim the Busemann-function by is same as h .
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For any y G M consider a sequence {ct„} of minimal geodesies from v to

x„ for each n . After taking a subsequence if necessary, we may assume that

either all of {ct„} intersect y , or none of them intersects y. In the first case, the

intersection points on y must diverge, and hence the limit ray ct is asymptotic
to y.

In the second case, we assume that ct is not asymptotic to y and obtain a

contradiction. Suppose a and o„ for each n are parameterized by g and g„

respectively. By assumption,  lim g(t) is not the same as the ^-coordinate of
(—>oo

the point p . For n sufficiently large, the initial condition of ct„ is close to that

of cr and \Ag„\ < \Ag\ + e for arbitrarily small e > 0. Then pn is not close to

p, which is a contradiction. Therefore any ray asymptotic to h is asymptotic

to y, and hence h = by.   □

Example 3.2. A surface with ideal boundary which is convex but not strictly

convex.

Let M be the surface of revolution defined by the function f(u) = w3/4 . We

assume that the neighborhood of the vertex is smooth. Since   lim f'(u) = 0,
u—»oo

we have

/   KM = 2ti ,
Jm

and hence there is no shortage of total curvature for any ideal triangle deter-
mined by two meridians. However for sufficiently large t,

*M = j{ttz£\    =0(t~\),

which has a bounded integral. Hence we can find a ray which is not a meridian

but asymptotic to some meridian. Therefore, two meridians are not asymptotic

to each other, and hence dM is not strictly convex. However by Proposition 3.1
dM is convex.   □

We now consider the second class of examples, which are surfaces embedded
in R3.

Let / : R -» R be a smooth function such that f(0) = 0, f(-x) = f(x),
f(x) > 0, f"(x) > 0, and f'(x) -> oo as |jc| -» oo. Then clearly f(x) -» oo

as |x| —► oo . In R3, define two flat surfaces,

Rx = {(x,y,0)\y>f(x)},

R2 = {(x,y,a) \y>f(x)},

where a is a small constant. Along the boundary we connect Rx and R2 with

an infinitely long patch to make it a smooth surface diffeomorphic to R2. In

fact, we obtain an open surface M in R3 which looks like a large flat envelope
with round edge.

Example 3.3. A surface with ideal boundary which is weakly convex but not
convex.

Let M be as above with f(x) = \x\%. This function is not smooth at the
origin, but we can take care of that problem when we put a narrow patch along
the boundary.   For each x e R let px e Rx,  qx e R2 be two points with
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coordinates (x, f(x), 0) and (x, f(x), a) respectively. We make the patch

so that for any p e Rx we have

d(p, px) < d(p, qx) < d(p ,px) + S

for a fixed constant 5 > 0, and similarly for q e R2.

In each flat region, the only rays are the vertical (parallel to the y-axis) lines.

We will show that two rays one from each side are not asymptotic. Since all

the verticall lines in each flat area define the same Busemann-function up to

constants, we can look at any ray.

Let y be a vertical line in R2. For any p G Rx let {tn} be a monotone

divergent sequence and let {ct„} be minimal geodesies from p to y(tn) for

each n . For each n let pn G dRx be the point where ct„ intersects the curve

y = f(x). Without loss of generality we assume the coordinates of p„ axe

(x„ , x]J2, 0) for each n . If {ct„} converges to a vertical line in Rx , we must

have xn —> oo as «-»oo.

For each n let qn = (x„ , xl12, a) G dR2 be the point corresponding to pn .

Then by the triangle inequality, we have

by(p)<by(qx) + d(p, qx).

Since {o„} converges to ct , for any e > 0 there exists a number tV such that

for each n > N

by(p) >d(p, y(t„))-tn-e

>d(p, q„) + bY(qn) - s - S

> d(p, pn) + by(qn) - e - 8.

Combining two inequalities with by(qx) - by(q„) = x„    -x,'  , we have

d(p, p„) - x„3/2 < d(p, qx) - x\12 + E + S.

However, if p = (a, b, 0), the left-hand side is

\j(xn - a)2 + (xl12 - b)2 - xl'2,

which goes to infinity as x„ —► oo , and it is a contradiction.

Since the width of the patch is bounded, it is easy to see that a ray cannot stay
in the curved region. Therefore, if a ray is asymptotic to another ray, eventually

they become vertical lines in one flat area, where they clearly define the same

Busemann-function up to a constant. Then by Corollary 2.5 we conclude that

M is weakly convex.
To show M is not convex, let h be a horofunction defined by a divergent

sequence {p„} of points in the curved area. In each flat area, a ray asymptotic
to h is a vertical line. If ct c Rx , y C R2 are rays emanating from the same

horizontal level, then we have

h(p) = min{ba(p), by(p)} + a

for some constant a. Since ct and y are not asymptotic, ba and by are not in

the same equivalence class and hence h cannot be expressed as the Busemann-

function of a single ray.   □

Example 3.4. A surface with ideal boundary which is not weakly convex.
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Let M be a surface defined in the same fashion as Example 3.3 with f(x) =

-x2 and 6 < j . For each x G R let px G 8RX, qx G dR2 as before. If y is a
vertical line in R2, we assume that

by(qx) < by(px)

for each x G R, and   lim (by(px) - by(qx)) = 0.
\x\—»oo

We see this can be done, for example, if we make the patch so that the
minimal geodesic between px and qx is perpendicular to the curve y = f(x),

or we obtain the patch by a parallel translation of the curve y - f(x) along a
short curve parallel to the yz-plane. Then the above inequality is obvious. And

for sufficiently large x, the angle between the minimal geodesic and the vertical

line from qx is close to a right angle, and hence by the Toponogov theorem the
difference must be close to zero.

Suppose y is the vertical line emanating from q = (1, 1, a) G R2, and

consider a ray a emanating from p = (0, 1, 0) G Rx and asymptotic to y . If
ct is not a vertical line in Rx, it must intersect the curve y = f(x), boundary

of Rx, at (x0, f(x0)) for some x0 > 0. Put p0 = (x0, /(x0), 0), q0 =
(xn, /(x0), a). Then there is a number e > 0 such that

by(p) = by(p0) + d(p, po)

= by(q0) + d(p,po) + e.

For any x > 0, by the triangle inequality

b7(p) <by(px) + d(p,px).

However, for any x > 0,

d(p, Px) = y^x2 + Qx2 - l)2 = \x2 + 1,

by(qx)= I-4X2,

and hence by(qx) + d(p, px) = 2, which is independent of x . Of course, this

is because p is the focus of the parabola, y = \x2 . Therefore, we have

by(px) - by(qx) >e,

which is a contradiction since the left-hand side converges to zero as x —► 00.

Hence we conclude that the ray a is the vertical line in Rx.

If y is asymptotic to a , then there is a sequence {t„} such that a minimal

geodesic y„ from q to o(tn) intersects dR2 at q„ = (x„, f(xn)) and x„ -> 00
as n -> 00. By the same argument as before, we have

ba(q) = lim (ba(pn) + d(q„ , q)),
n—*oo

ba(q) < ba(Po) + d(p0, q),

where p0 = (1, 2, 0) g dRx . Since ba(po) = 0 and ba(pn) = 1 - \x2, a simple
computation gives

d(Po ,Q)>2.

However,  d(po, q) < d(qo, q) + 8 = l+r5, which is a contradiction since

$<\.   □
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In this example, if ct and y are vertical lines emanating from (0, 1, 0) G Rx

and (0, 1, a) e R2 respectively, then a and y are asymptotic to each other.

Suppose ba - by = a along ct and ba -by = b along y for some constants a ,

b. Then we easily see that a = -b i= 0. Hence this is also an example on which

two rays asymptotic to each other do not define the same Busemann-function.
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